Nielsen equalizer theory* 



P. Christopher Staecker^^ 
July 11, 2011 



Abstract 

We extend the Nielsen theory of coincidence sets to equalizer sets, the 
points where a given set of (more than 2) mappings agree. On manifolds, 
this theory is interesting only for maps between spaces of different dimen- 
sion, and our results hold for sets of k maps on compact manifolds from 
dimension (k — l)n to dimension n. We define the Nielsen equalizer num- 
ber, which is a lower bound for the minimal number of equalizer points 
when the maps are changed by homotopies, and is in fact equal to this 
minimal number when the domain manifold is not a surface. 

As an application we give some results in Nielsen coincidence theory 
with positive codimension. This includes a complete computation of the 
geometric Nielsen number for maps between tori. 



1 Introduction 

The goal of this paper is to generalize the basic definitions and results of Nielsen 
coincidence theory to a theory of equalizer sets for sets of (possibly more than 
two) mappings. For spaces X and Y and maps fi,...,fk '■ X — > Y, the equalizer 
set is defined as 

Eq(/ l5 ...J k ) = {xeX\ fx(x) = ■■■ = f k (x)}. 

This generalizes the coincidence set Coin(/i,/2) = {x € X | fi(x) = f2(%)} for 
two mappings. 

Nielsen coincidence theory, see [3], estimates the number of coincidence 
points of a pair of maps in a homotopy invariant way. Most of the techniques 
are a generalization of ideas from fixed point theory, see [S]. In coincidence 
theory, one defines the Nielsen number N(fi, fa) of a pair of maps, which is a 
lower bound for the minimal coincidence number MC(/i,/2): 

N(h, h) < MC(h, f 2 ) = min{# Coin(/{, /£) | f[ ~ /<}. 
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The above quantities are in fact equal when X and Y are compact n-manifolds 
of the same dimension n^2. 

In this paper we extend this theory to equalizer sets. The typical setting for 
Nielsen coincidence theory is for maps X — > Y of compact manifolds of the same 
dimension. For maps /i,/2 : X — > Y in this setting, transversality arguments 
show that we can change the maps by homotopy so that Coin(/i, / 2 ) is a set of 
finitely many points. 

Proceeding in the same setting with more than two maps immediately gives: 

Theorem 1.1. If X andY are compact manifolds of the same dimension, and 
fi,---,fk '■ X Y are maps with k > 2, then these maps can be changed by 
homotopy so that the equalizer set is empty. 

Proof. Well-known transversality arguments show that we can change fi by a 
homotopy to ft so that Coin(/i, ft) is a finite set of points. Similarly we obtain 
ft ~ / 3 such that Coin(/i,/g) is a finite set of points. These homotopies can 
be arranged so that Coin(/i,/2) and Coin(/i,/g) are disjoint. Thus 

Eq(/i, ft, ft, h, ■ ■ ■ , fk) C Com.{h,&) n CointA, ft) = 0. 

□ 

Thus there is no interesting theory for counting the minimal number of 
equalizer points between compact manifolds of the same dimension, since this 
number is always zero. In this sense, the equalizer equation fi(x) = ■ ■ ■ = fk{x) 
is "overdetermined" when the dimensions of the domain and codomain are equal. 
In order to obtain an interesting theory we must increase the dimension of the 
domain space. 

Unlike in coincidence theory, where allowing maps X — > Y of spaces of 
different dimension requires very different techniques, the positive codimension 
setting is the appropriate one for producing a Nielsen equalizer theory which 
closely resembles that for coincidences. In particular, for equalizers of k maps, 
we will require X and Y to be of dimensions (k — l)n and n, respectively, for 
any n. Consider the following example: 

Example 1.2. We will examine the equalizer set of three maps f,g,h:T 2 ^ S 1 
from the 2 dimensional torus to the circle. Viewing the torus as the quotient of 
R 2 by the integer lattice, and S 1 as the quotient of R by the integers, we will 
specify our maps by integer matrices of size 1x2. Let the maps be given by 
matrices: 

A f = (3 1), A g = (0 2), A h = (-l -1). 
Let Cf g = Coin(/, g), with Cfh and C g h defined similarly, and we have 

Eq{f,g,h) = C fg nC gh nC fh . 

(Actually the equalizer set is the intersection of any two of these coincidence 
sets.) 
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Figure 1: Coincidence sets and equalizer points for Example 11.21 



It is straightforward to compute these sets. For example, Cf g is the set 
of points {x,y) with 3x + y = 2y mod Z 2 , which is to say y — 3x mod Z 2 . 
Similarly computing the sets C f% and C g h produces the picture in Figure [1] 
where the torus is drawn as [0, 1] x [0, 1] with opposite sides identified. We 
see in the picture that Eq(/, g, h) consists of 10 points (the nine points where 
the lines visibly intersect, plus the intersection at the identified corners of the 
diagram) . 

In this paper we will define the Nielsen number N(f,g,h) which is a lower 
bound for the minimum number of equalizer points when the maps are changed 
by homotopy. In Theorem 14.41 we give a simple formula for computing this 
quantity on tori, which in this example gives 



Thus these maps cannot be changed by homotopy to have fewer than 10 equalizer 
points. 

The construction of the theory is facilitated by a fundamental correspon- 
dence between Eq(/i, . . . , /&) and the coincidence set of a pair of related maps. 
Let F, G : X -> Y k ~ x be given by 



Since X and Y are compact with dimensions (k — l)n and n respectively, the 
above F and G are maps between compact manifolds of the same dimension, 
and Coin(F, G) — Eq(/i, . . . ,/fe). This correspondence is well-behaved under 
homotopy, since changing the maps fa by homotopies corresponds in a natural 
way to a change of F and G by homotopies. As we shall see, the homotopy- 
invariant behavior of Eq(/ 1; ■ ■ ■ , fk) is the same as that of Coin(F, G), and we 
may define Nielsen-type invariants for the equalizer set in terms of the same 
invariants from the coincidence theory of (F,G). 

In Section [2] we define the Rcidemcister and equalizer classes which form the 
building blocks for our theory. In Section [3] we define the Nielsen number and 




F(x) = {h(x), . . . , fi{x)), G(x) = (f 2 (x), . . . , f k {x)). 
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in Section 2] we give some computational results for maps into Jiang spaces and 
maps of tori. In Section [5] we give an application to Nielsen coincidence theory 
in positive codimensions, giving a full computation of the "geometric Nielsen 
number" on tori. 

We would like to thank Robert F. Brown for helpful comments. 

2 Reidemeister and equalizer classes 

Let X and Y be spaces with universal covering spaces (connected, locally path- 
connected, and semilocally simply connected), and let X and Y be the universal 
covering spaces with projection maps px ■ X — > X and py '■ Y — >• Y . For maps 
/i, . . . , fk ■ X — > Y, we wish to construct a Reidemeister- type theory for the 
equalizer points Eq(/i, . . . , fk), so that each point has an algebraic Reidemeister 
class, and two equalizer points can be combined by homotopy only when their 
classes are equal. 

Our basic result is a generalization of a well-known result from coincidence 
theory which is stated in part (without proof) as Lemma 2.3 of [2]. For the sake 
of completeness we give a full proof. The proof is similar to that of Theorem 1.5 
in [5], which is the corresponding statement in fixed point theory. Throughout, 
elements of the fundamental group are viewed as deck transformations on the 
universal covering space. 

Theorem 2.1. Let : X — > Y be maps with lifts fi : X — s> Y and 

induced homomorphisms 4>i ■ ^i(X) — > tti(Y). 

1. We have 

Eq(/i, ■ • ■ ,fk) = IJ PxEq(/i,a 2 /2,...,a fc /fc). 

a 2 ,...,a k eTTi(Y) 

2. For a.i,fii £ 7Ti(X), the sets 

px Eq(/i, a 2 /2, • ■ • , otkfk) and p x Eq(/i, #2/2, ■ • ■ , Pkfk) 
are disjoint or equal. 

3. The above sets are equal if and only if there is some z e 7Ti(^) with 

Pi = (fri^ai^zy 1 

for all i. 

Proof. For the first statement, take some x G Eq(/i, . . . , fk) and some x G 
p x (x). We have py(fi(x)) — fa{x) — fi{x) for all i, and thus the values fi(x) 
all differ by deck transformations. That is, there are a, G ^i(Y) with 

]i(x) = a 2 f2(x) = ■■■ = a k fk(x), 
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which is to say that x 6 Eq(/i, 0*2/2, • ■ -,a k f k ), and so x G px Eq(fi,a 2 f 2 , . . .,a k fk) 
as desired. 

Now we prove statement[3] First, let us assume that px Eq(/i, 02/2, ■ • ■ , Qfe/fe) = 
px Eq(/i, /3 2 / 2 , ■ ■ • , /Sfe/fe). This means that for any point a; G Eq(/i^a 2 /2, • ■ ■ i <Xkfk), 
there is some deck transformation z G iti(X) with zx G Eq(/i,/?2/2, • • ■ >Pkfk)- 
Then we have 

Pifi(zx) = fi(zx) = 4>i(z)fi(x) = 4>i(z)aifi(x) = cj>i(z)a l cj) l {zy 1 fi{zx) 

Since the two lifts Pifi and (f>i(z)aiipi(z)~ 1 fi agree at a point, they are the same 
lift, and thus 

Pi = 0i(z)ai0i(z) _1 

as desired. 

For the converse in statement [3l assume that (3i — 4>i(z)ai(f)i{z)^ 1 for all i, 
and take x G px Eq(/i, 0:2/2, • ■ • , c*fe/fc)- Then we have <fii(z)cti = Pi<f>i(z) for 
all i, and so 

fi(zx) = (f>i(z)fi(x) = 4>i{z)aifi{x) = pi4>i(z)fi(x) = (3ifi(zx). 

Thus zx = Eq(/ l5 ^2/2, ■ • ■ , Pkfk), and so x G p x Eq(/i, #2/2, • ■ • , Pkfk), and we 
have shown 

Px Eq(/i, 0*2/2, ■ • ■ , Qtfc/fc) C px Eq(/i, /3 2 / 2 , • • • , &,/&)• 

A symmetric argument shows the converse inclusion, and so the above sets are 
equal. 

For statement [2] it suffices to show that if there is a point 

x G px Eq(/i,o 2 /2, ■ • ■ ,Ofc/fc) ripx Eq(/i,^ 2 /2, ■ • -,0kfk), 

then the two sets of the above intersection are equal. For such a point x, there 
are a?o,xi G j>3r ( x ) with 

^0 G Eq(/i,o 2 /2,---,afe/fc), Zi G Eq(/i, ^2/2, • ■ • , Pkfk)- 
Let z G 7Ti(X) with za?o = x\. Then we have 

PiJi{zxa) = Pifi(xi) = fi(xi) = fi{zx ) = <f>i(z)fx(x ) 
= (pi(z)aifi(xo) = (fti^at&iz)' 1 fi(zxo). 

The above equality shows two lifts of /* agreeing at the point zxq, and so we 
have j3i = 4>i{z)oti4>i{z)~ 1 , which by statement [3] implies that 

Px Eq(/i, 02/2, • ■ • , Ofe/fe) = Px Eq(/i, #2/2, • • • , /?fc/fc) 

as desired. 

□ 



5 



Let n(<f>i, ...,cj)k) = TT 1 (Y) k - 1 / ~ be the quotient of Tr 1 (Y) k - 1 by the fol- 
lowing relation, inspired by statement [3] above: 

(a 2) . .-,Q!fc) ~ (P2, •• • , Pk) 

if and only if there is some z £ iri(X) with 

Pi = 0i(2)ai0i(z) -1 

for all i £ {2, . . . , fc}. We call H{4>\, . . . , the set of Reidemeister classes for 

Then the theorem above gives the following disjoint union 

Eq(/i,..., fk) = U PxEq(f 1 ,a 2 f2,---,a k f k ) 

(Q i )G7J(0 1 ,...,0 fc ) 

The above union partitions the equalizer set into Nielsen equalizer classes 
(or simply equalizer classes). That is, C C Eq(/i, . . . , fk) is an equalizer class 
if and only if there are a, with C = px Eq(/i, 012/2, • ■ • , OL k f k ). Note that an 
equalizer class can be empty. The equalizer classes are related to the coincidence 
classes of the pair (F, G) from equation (jwj) in the following way: 

Theorem 2.2. A subset C C Eq(/i, . . . , fk) is an equalizer class if and only if 
C is a coincidence class when regarded as a subset of Coixx{F,G). That is, C 
is an equalizer class if and only if there is a deck transformation A £ 7ri(y fe ~ 1 ) 
with C = px Coin(-F', AG) for some lifts F and G of F and G. 

Proof. First we assume that C is an equalizer class, and so we have lifts /, of fi 
and on £ 7Ti(F) with C — px Eq(/i, 0:2/2, ■ • ■ , ctkfk)- Let F and G be given by: 

F(x) = (fi(x), . . . Jx(x)), G(x) = (f 2 (x), . . . , f k (x)), 

and let A : Y^ 1 -4 Y^ 1 be 

A(V2, ■•■Vk) = (022/2, ■ • ■ , a k y k ). 

Then we have 

Eq(/i, 01/2, • . • , a fc / fc ) = Coin(F, AG), 

and so C = px Co'm(F, AG) as desired. 

Now for the converse we assume that C is a coincidence class of (F,G), 
which means there are lifts F and G of F and G with a deck transformation 
A £ ttx (T*- 1 ) such that C = p x CoinfT, AG). Since F and G are lifts of F and 
G, we can write 

F(x) = (fUx), /?(*)), G(x) = (f 2 (x), f k (x)) 

where each f\ is a lift of fx, and fj is a lift of fj for j > 2. Similarly we may 
factor A as 4 = «i x ■ • ■ x at for Oj £ 7Ti(y). 
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Each of the /f may be different, but there is a single lift f\ of f\ with deck 
transformations such that f>if\ = /|. Then we have 

Coin(F, AG) = Coin((/3 2 /i, . . • , At/i), (a 2 / 2 , • • • , ajk)) 
= Coin((/ 1; . . . , Ji), (/3 2 : 1 a 2 / 2 , . . . , ^ Wfc) 
= Eq(/ 1 ,/3 2 r 1 a2 / 2 ,...,/3 fc - 1 afc / fc ) 

and so C = Coin(F, AG) is an equalizer class. □ 

The equalizer classes can be described nicely in terms of paths in X and 
their images under the ff. 

Theorem 2.3. Two points x, x' G Eq(/i, . . . , fk) are in the same equalizer class 
if and only if there is some path 7 : [0, 1] — > X from x to x' such that fi{^) and 
fi{~l) are homotopic as paths with fixed endpoints for all i. 

Proof. Our points x, x' are in the same equalizer class if and only if they arc in 
the same coincidence class of the pair (F, G) . A standard result in coincidence 
theory shows that this is equivalent to the existence of a path 7 in X from x to 
x 1 with F(j) ~ G(7). This is equivalent to 

(/ 1 ,...,/ 1 )( 7 )~(/ 2 ,...,/ fe )( 7 ), 

which is equivalent to /i(7) — /i(7) for each i. □ 



3 The equalizer index and the Nielsen number 

Let Eq(/i, ...,f k ,U) = Eq(/ 1; . . . , f k ) n U, and let Coin(/, 5 , U) - Coin(/, g) n 
U. 

Our index for equalizer sets will be defined in terms of the coincidence index 
i. We first review some properties of the coincidence index. Let f,g:M—>N 
be maps between compact orientable manifolds of the same dimension. The 
coincidence index i(f,g,U) is an integer valued function defined for open sets 
U with Coin(/, g, U) compact. It satisfies the following properties: 

• Homotopy: Let f — f and g' ~ g, by homotopies F t and G t , such that 
the set 

{(x,t) I x e Com(F t ,Gt,U)} cMx [0,1] 
is compact (such a pair of homotopies is called admissible). Then i(f, g, U) = 

i(f,g',u). 

• Additivity: HU 1 f)U 2 = <D and Coin(/, g, U) C Ui U U 2 , then 

i(f,g,U) = i(f,g,U 1 ) + i(f,g,U 2 ). 



• Solution: If i(f,g, U) ^ 0, then Coin(/, g, U) is not empty. 
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We wish to define a similar index in the equalizer setting. Let X and 
Y be compact orientable manifolds of dimensions (k — l)n and n, respec- 
tively, with maps /i, . . . , fk : X — >• Y . We call (/i, . . . , fk, U) admissible when 
Eq(/i, ...,f k ,U) is compact. 

Let F, G : X — > y fe -i be the maps as in @. These are maps between 
compact orientable manifolds of the same dimension. When (/i, . . . , fk, U) 
is admissible, then Com(F, G, U) = Eq(/x, . . . , fk, U) is compact, and thus 
the coincidence index i(F,G,U) is defined. We define the equalizer index 
ind(/i,...,/ fc ,tO to bei(F,G,U). 

This equalizer index satisfies the appropriate homotopy, additivity, and solu- 
tion properties. If (/i, . . . , fk,U) and (/(,..., f' k , U) are admissable and fi ~ f[ 
with homotopy H\ we say that (H 1 ) is an admissible homotopy of (/i, . . . , fk, U) 
to (/{,..., f' k , U) when the set 

{(x,t)\xeEq(Hl... 7 H?,U)}cX xl 

is compact. 

Theorem 3.1. Let fx, . . . , fk : X Y be maps of compact orientable mani- 
folds of dimensions (fc — l)n and n respectively, and let U C X be open with 
(/l, . . . , fk, U) admissable. 

Then the equalizer index ind(/i, . . . , fk,U) is defined and satisfies the fol- 
lowing properties: 

• Homotopy: If (fi, . . . , kk,U) is admissibly homotopic to (/{,..., fi, U), 
then hid(/i, . . . , f k , U) = ind(/(, ...,f' k ,U). 

• Additivity: IfU\ H U 2 = and Eq(/i, . . . , f k , U) C Ui U U 2 , then 

ind(A, ...,f k ,U) = ind(A, . . . , fk, Ui) + ind(A, . . . , f k , U 2 ). 

• Solution: If ind(/i, . . . , fk,U) ^0, then Eq(/i, . . . , fk,U) is not empty. 

Proof. The proofs of these properties all follow from the same properties of the 
coincidence index of the pair F, G as in (jwj) . □ 

For an equalizer class C, we define the index of C, written ind(/i, . . . , fk,C), 
as ind(F, G, U), where U is an open set with Coin(F, G,U) = C (such an open 
set will always exist because coincidence classes are closed and X is compact). 

At this point we take a slight diversion to give a note on the computation of 
the index of differentiable maps in terms of their derivatives. When each of is 
differentiable, the maps F and G will also be differentiable, and the derivative 
maps DF X ,DG X : mS k ~^ n -> E^" 1 )™ are defined at each point x £ X. 

Let x 6 Eq(/i, . . . , fk) be an equalizer point. We say that x is nondegener- 
ate when DG X — DF X is nonsingular. In this case there is a neighborhood U 
around x containing no other coincidence points of F and G, and thus no other 
equalizer points, and the index can be computed by the well-known formula 
from coincidence theory: 

ind(/i, ...,f k ,U) = i{F, G, U) = signdctpG, - DF X ). 
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The definitions of F and G give the following formula in terms of the 

Theorem 3.2. Let fx, . . . , fk : X — > Y be maps of compact orientable mani- 
folds of dimensions (k — l)n and n respectively, and let x G Eq(/i, . . . , fk) be 
nondegenerate. 

Then there is a neighborhood U of x with Eq(/i, . . . , fk, U) — {x} such that 



where all derivatives are taken at the point x (each row in the above is a n x 
(k — l)n block matrix, so that the whole matrix has size (k — l)n x (fc — l)n). 

Now we discuss the index theory for the non-orientable case. For the co- 
incidence theory of maps f,g:M—±N of compact (perhaps non-orientable) 
manifolds of the same dimension, the coincidence index cannot in general be 
defined. There is a related semi-index (see [2]) which plays a similar role. 

The semi-index, which we denote |z|, is defined not for arbitrary open sets, 
but only for coincidence classes, and satisfies properties similar to those of 
the coincidence index. Let C C Coin(/, g) be a coincidence class with C — 
pCoin(/ ,ag). Then if / ~ /' and g ~ g' , these homotopies will lift, produc- 
ing maps /' ~ / and g' ~ g which are lifts of /' and g' respectively. Thus 
D = p Coin(/' , ag') is a coincidence class of (f',g'), and we say that D is "re- 
lated to C" with respect to the pair of homotopies. 

If /, g : M — > N are maps of compact manifolds of the same dimension and C 
is a (possibly empty) coincidence class, then \i\(f,g,C) is defined and satisfies: 

• Homotopy: If /' ~ / and g' ~ g, and D is the coincidence class of (/', g') 
which is related to C with respect to these homotopies, then \i\(f, g, C) — 



• Solution: If \i\(f,g, C) ^ 0, then C is not empty. 

• Naturality: If M and TV are orientable, then \i\(f,g,C) = \i(f,g,C)\, the 
absolute value of the usual coincidence index. 

In the setting of equalizer theory for maps fx , . . . , fk ■ X — > Y of com- 
pact (possibly nonorientable) manifolds with an equalizer class C, we define the 
equalizer semi-index as in the orientable case: let (F,G) be as in Q, and we 
define | ind |(/i, . . . , fk, C) = \i\(F, G, C). Given homotopies f[ ~ fi, the "rela- 
tion" between equalizer classes of (fx, ■ ■ ■ , fk) and (/{,..., f' k ) is defined exactly 
as in coincidence theory. 

The following has routine proofs similar to those for Theorem 13. II 

Theorem 3.3. Let fx, ■ ■ ■ , fk '• X Y be maps of compact (possibly nonori- 
entable) manifolds of dimensions (k — l)n and n respectively, and let C C 
Eq(/i, . . . , fk,U) be an equalizer class. 

Then the equalizer semi-index \ ind |(/i, . . . , fk, C) is defined and satisfies the 
following properties: 




\i\(f',g',D). 
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• Homotopy: If fi is homotopic to f[ for each i and D is the equalizer class 
of (/{, . . . , f' k ) which is related to C , then 

\md\(f 1 ,...J k ,C) = \md\(f[,...J' k ,D). 

• Solution: If | ind . . . , f kl C) 7^ 0, then C is not empty. 

• Naturality: // X and Y are orientable, then 

|ind|(/ 1) ...,/ fe ,C) = |ind(/ 1 ,...,/ fc) C)|, 
the absolute value of the usual equalizer index. 

An equalizer class is called essential if its index (or semi-index in the nonori- 
entable case) is nonzero. 

Definition 3.4. The Nielsen [equalizer] number N(f\, . . . , f k ) is defined to be 
the number of essential equalizer classes of . . . , /k). 

From Theorem 12.21 and the definition of the index of a class, we see that 
N(fi, . . . , fk) is equal to the Nielsen coincidence number of the pair (F, G). Since 
the Nielsen equalizer number is so closely related to a coincidence number, we 
can obtain a Wecken-type theorem for the minimal number of equalizer points. 
Let ME(fi, . . . , fk) be the minimal number of equalizer points, defined as 

ME(h, ...,/*) = min{# Eq(/{, ...,/£) | f[ ~ /,}. 

By the solution properties of the index and semi-index, every essential equal- 
izer class must contain an equalizer point, and so 

N{f ll ... 1 f k )<ME{f ll ... 1 f k ). 

These two quantities are in fact equal in most cases, as the following theorem 
shows. 

Theorem 3.5. Let fx, . . . , : X — > Y be maps of compact manifolds of di- 
mensions (k — l)n and n respectively. If (k — l)n ^ 2, then 

ME(f 1 ,...J k )=N(f 1 ,...J k ). 

In the case of "proper" equalizer theory (when k > 2), the result holds for 
all k and n except (fc, n) = (3, 1), which is to say equalizer theory of three maps 
from a compact surface to the circle. 

Proof. The second statement is simply a consequence of fc, n being natural num- 
bers with (fc — l)n ^ 2, so we focus on the first statement. 

Let (F, G) be defined as in ©, and we have N(fi, . . . , f k ) = N(F, G). The 
maps F, G are maps between compact manifolds of dimension (fc — l)n. By our 
hypothesis this dimension is not 2, and so the Wecken theorem for coincidences 
(see [3]) gives maps F' ~ F and G' ~ G with #Coin(F',G") = N(F, G). A 
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result of Brooks in [1 shows that in fact there is a single map G" ~ G with 
Coin(F', G') = Coin(F, G"), and thus # Coin(F, G") = N(F, G). 

Our map G" is a map of X — » y fc_1 , so it can be written as G"(x) = 
(g2{x), . . -,9k{x)) with 5j ~ /j. Now we have 

# Eq(/i,g 2 , • ■ • ,9k) = # Coin(F, G") = N(F, G) = iV(/ 1; . . . , / fe ), 

and so ME(fi, ...,/*)< • • • , /fe) as desired. □ 



4 Some computations 
4.1 Jiang spaces 

One setting in which the fixed point and coincidence Nielsen numbers are easily 
calculated is for maps on Jiang spaces. See [5] for the definition and basic results 
in fixed point theory. The class of Jiang spaces includes topological groups, 
generalized lens spaces and certain other homogeneous spaces, and is closed 
under products. The main result (see [3]) from coincidence theory concerning 
Jiang spaces is the following: 

Theorem 4.1. If f,g : M —> N are maps of compact orientable manifolds of 
the same dimensions and N is a Jiang space, then every coincidence class has 
the same index. 

Our theorem concerning Jiang spaces is the following result, which is facili- 
tated by the coincidence theory of the maps (F, G) as in Q . 

Theorem 4.2. If f\, . . . , f}. : X Y are maps of compact orientable manifolds 
of dimensions (k — l)n and n respectively and Y is a Jiang space, then every 
equalizer class has the same index. 

Proof. Let F, G : X -> be given as in Q: 

F(x) = (fi(x), . . . fi(x)), G(x) = (f 2 (x), f k (x)). 

Since Y is a Jiang space, then Y k ~ 1 is a Jiang space. Thus by Theorem 14. II 
all coincidence classes of F, G will have the same coincidence index. But the 
equalizer classes of fi,. ■ .,fk are the same as the coincidence classes of F, G, 
with the same indices, so all equalizer classes of fx, . . ■ , fk will have the same 
equalizer index. □ 

Define the Reidemeister number and Lefschetz number as: R(fi, ■ ■ ■ , /fc) = 
#7?.(</>i, . . . ,<t>k) (this quantity may be infinite) and L[f\, . . . , ft) = hid(/i, .. .,fk, 
Then we obtain: 

Corollary 4.3. If f\, ■ ■ ■ , fu '■ X — > Y are maps of compact orientable manifolds 
of dimensions (fc — l)n and n respectively, and Y is a Jiang space, then: 

• IfL(f 1 ,...J k ) = 0thenN(f 1 ,...J k )=Q. 
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. //£(/!, . . . ,/ fc ) ± ifcen 7V(A, . . .,/ fc ) = fl(/ x , . . . , /*). 

Proof. By the additivity property, L(f%, . . . , fk) is the sum of the indices of 
each equalizer class. By Theorem 14.21 all classes have the same index, thus 
L(fi, . . . , fk) — means that all classes are inessential and so N(f±, . . . , =0. 
If the Lefschetz number is not zero then all classes are essential and so the Nielsen 
number is simply the number of classes, which is the Reidemeister number. □ 

4.2 Tori 

We can give a very specific formula for the Nielsen number of maps f\ , . . . , f k ■ 
T (k-i)n _j. T n Qn tori We win yiew T m as the quotient f f» by the integer 

lattice, and consider maps which are induced by linear maps on — > W l 
taking Z^- 1 )™ to Z n . We can think of such maps as n x (k — l)n matrices with 
integer entries. 

We now prove the formula which was used in the computation of Example 
11.21 The result generalizes the well known formula for the Nielsen coincidence 
number on tori which was proved in Lemma 7.3 of [4]: if /i,/a are given by 
square matrices Ai and A^ 1 then N(fi, fa) — \ det(^2 — ^i)|- 

Theorem 4.4. If f 1: . . . , f k : T {k -^ n -> T n are maps on tori given by matrices 
Ai, then 







(A 2 - AA 


N(h,...J k ) = 


det 








\Au-aJ 



Proof. Let F, G : T^' 1 ^ 1 -> T^-^ n be as in @. Then F and G will be given 
by block matrices 









(M\ 


A F = 










KM) 







and so the formula for the Nielsen coincidence number on tori gives 







(A 2 




N(F, G) = 


det 




-) 






\A k 


-aJ 



But N(F, G) = N(fx, f k ), and so the result is proved. □ 

We further note that since tori have the Wecken property for coincidence 
theory, we can drop the dimension assumption of Theorem 13.51 

Theorem 4.5. Let fx,..., f k : T^ 1 )™ -> T" be maps of tori. Then 

ME(f 1 ,...,f k )=N(f 1 ,...,f k ). 

Proof. Let (F, G) be as in , and then since tori have the Wecken property 
there is a map G" ~ G with # Coin(F, G") = N{F, G). We finish the argument 
as in the last paragraph of the proof of Theorem 13.51 □ 
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5 Coincidence theory with positive codimension 



We end with an application to coincidence theory with positive codimension, 
which typically requires much more difficult techniques than those of this paper. 
In this setting we consider maps fi , f% : X — > Y of compact manifolds of di- 
mensions m and n with m > n and try to minimize by homotopies the quantity 
#7To(Coin(/i, /2)), the number of path components of Coin(/i,/2). 

There is no coincidence index in the positive codimension setting, and so the 
problem of judging essentiality of classes is more complicated. A coincidence 
class C C Goin(/i,/2) is removable by homotopy when there is some pair of 
homotopies fi ~ f[ such that C is "related" (in the sense of Theorem 13. 3|) 
to the empty class. When a class is not removable by homotopy, it is called 
geometrically essential. The number of geometrically essential classes is called 
the geometric Nielsen number, which we denote No{fi, fi)- 

Any two coincidence points which can be connected by a path of coincidence 
points will be in the same coincidence class. Thus each class is a union of 
path components of Coin(/i, / 2 ), and so No(fi, h) < # 7r o(Coin(/i, / 2 )). Since 
Ag(/i,/2) is homotopy invariant, in fact it is a lower bound for the minimal 
number of path components of the coincidence set when f\ and / 2 are changed 
by homotopies. 

We begin with a simple result which in some cases can demonstrate that a 
coincidence class is geometrically essential. 

Theorem 5.1. Let f\, . . . , fk : X — > Y be maps of spaces of dimension (fc — 
l)n and n respectively, and let fi, fj be any two of these maps. Then each 
equalizer class of (/i, . . . , fk) is a subset of some coincidence class of (fi, fj), 
and any coincidence class containing an essential equalizer class is geometrically 
essential. 

Proof. To show that each equalizer class is a subset of a coincidence class, let C 
be an equalizer class. Then there are lifts fi and deck transformations en with 

C = p x Eq(aj/i, a 2 / 2 , . . . , a k J k ) C p x Gom(a i / !i , atjfj), 

and the right side above is a coincidence class. 

Now let D C Co'm( f i, fj) be a coincidence class containing some essential 
equalizer class C C D. If D were removable by a homotopy as a coincidence 
class, then necessarily C would be removable by a homotopy as an equalizer 
class, which is impossible since C is essential. Thus D is geometrically essential. 

□ 

We can state the above in terms of Nielsen numbers: 

Corollary 5.2. Let f\,fi'-X-^Ybe maps of spaces of dimension (k — l)n 
and n respectively. If there are maps fs, • ■ ■ , fk with N(f\, . . . , fk) ^ 0, then 
A G (A,/ 2 )^0. 
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Proof. If N(fi, . . . , fk) 7^ then there is an essential equalizer class of (/i, . . . , fk), 
which by Theorem l5.1l is contained in a geometrically essential coincidence class 
of (/l,/^)- The existence of this coincidence class means that A^g(/i,/ 2 ) 7^ 



Now we focus on tori, for which we can be much more specific about the value 
of Nc(fi, f 2 ). As we will see, Corollary [521 is strong enough to give a complete 
computation of Nc(fi, f 2 ) based on the matrices which specify the maps, even 
in the case where the domain dimension is not a multiple of the codomain 
dimension. Many of the ideas in the following proofs are taken from similar 
proofs in the codimension zero coincidence theory on tori from [J. Recall that 
a map / : T m —t T n on tori has an induced homomorphism on the fundamental 
groups which is given by an n x m integer matrix. We will refer to this matrix 
as the "induced matrix" of /. 

Lemma 5.3. Let fx, f 2 : tC 0-1 )™ — » T n be maps of tori with induced matrices 
Ai,A 2 . Then NG(fi, f 2 ) 7^ if and only if A2 — A\ has rank n. 

Proof. First we show that Ng(J ij/2) 7^ implies that A2 — A\ has rank n. 
Equivalcntly, we assume that A2 — A\ does not have rank n, and we will show 
Ng{Hi f2) = 0. In this case, the image of the matrix A2 — A\ is not M. n . Take 
some v e K" \ im(A 2 - Ai) with v g Z n , and let A' 2 : R^"" 1 )™ ->■ R n be given 
by A' 2 (x) = A 2 (x) + v. This induces a map f 2 : T^" 1 )™ -> T™ with f 2 ~ / 2 and 
Coin(/i, ft) = 0. Thus iV G (/i, f 2 ) = as desired. 

When A2 — Ai does have rank n, we can choose matrices A3, . . . , Au so that 



and so there are maps /a, • • • , /fe with N(fi, ■ ■ ■ , fk) 0- By Corollary 15.21 this 



In fact we can remove the requirement that the domain dimension is a mul- 
tiple of the codomain dimension. 

Theorem 5.4. Let /i,/2 : T m — »• T" 6e maps 0/ ton wii/i induced matrices 
Ai,A2. Then Ng(/i, fs) 7^ if and only if A2 — A\ has rank n. 

Proof. The fact that NGifiifz) 7^ implies A 2 — A\ has rank n was a step of 
the proof in Lemma 15.31 which did not require the dimension assumption. Thus 
it remains to show that if A2 — A\ has rank n, then Nc{fi, f 2 ) 7^ 0. 

Let k > 2 be an integer with (fc— l)n > m. Then define 51,52 : T^ 1 ^ 1 T™ 
as gi = fi o a, where a : ytfe- 1 )" _ ). 7 1 " 1 i s the projection onto the first m 
coordinates (viewing the torus as a product of circles). Let Bi be the (k — l)n x n 
integer matrix representing gi. As a matrix, Bi is simply Ai with columns of 
zeros added, and so the rank of A2 — A\ is the same as that of B 2 — B\. 



0. 



□ 




implies that N a (fi, h) ^ 0. 



□ 
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Our assumption that A 2 ~Ai has rank n, means that B2 — B1 has rank n, and 
so by Lemma 1531 we have N G {gi,g2) 0, and we have a geometrically essential 
coincidence class D C Coin(<7i, g 2 ). Let fa be lifts of f i: and let = /, o a, 
where a is the projection onto the first m coordinates of T^" 1 )™ = K.^ -1 )". 
Then is a lift of gt, and so there is some a £ ni(T n ) with 

D = pCoinQi, ag 2 ). 

Let x € cr(D), so there is some y with cr(j/) = a; and a lift y = p^ 1 (y) with 
= a g2(y), and thus fi(a(y)) = af 2 {a{y)).^ Since p(a(y)) = a(y) = x, we 
have i£p Coin(/i, a/2). This set C — p Coin(/i, a/2) is a coincidence class of 
(/1, /2), and we have shown that ct(-D) C C. 

Recall that we are trying to show that Nc(fi, fi) ^ 0. For the sake of a 
contradiction, assume that No{fi, /a) — 0, so that each class (in particular the 
class C) is removable by homotopy. This means means there are maps // ~ fa 
with lifts fl ~ fi such that 

pCoin(/>/ 2 ) =0. (1) 

Let g[ = fl o a and g[ = f-oa. Then g[ ~^g, and g[ ~ Since D 
is geometrically essential, the related class pCo'm(g' 1 ,ag 2 ) must be nonempty. 
Take some y in this class and a point y £ p~ 1 (y) with g'i(y) — ag' 2 (y). Then we 
have f{(a(y)) = afl(a(y)), and so 

a(y) e pCoin(f[,af 2 ), 
which contradicts (H}. □ 

The above showed that if A 2 —A\ has does not have rank n, then Nc{fi, fi) = 
0. We conclude with a precise computation of N G {f 1^2) in the case where 
A 2 — A\ does have rank n. 

Theorem 5.5. Let fi,f 2 ■ T m — > T n be maps of tori with induced matrices 
A\,A 2 . If A 2 — A\ has rank n, then 

N G (h,f 2 ) = #7r (Goin(/i,/a)) = #coker(A 2 - Ax), 

where coker(A2 — Ai) = Z n / mi(A 2 — Ax), the cokernel of A 2 — A\ when viewed 
as a homomorphism U n — ► Z™. 

Proof. By Theorem 15. 4[ the assumption that A 2 — A\ has rank n is equivalent 
to N G (fi,f 2 ) 7^ 0. Since T n is a Jiang space, this means that AT G (/ 1 ,/ 2 ) = 
R(fi,f2), the number of coincidence classes. (See [3J, Theorem 4.14, for results 
concerning coincidence theory of maps into Jiang spaces with positive codimen- 
sion.) We prove the theorem by showing that the number of classes is equal to 
the number of path components of Coin(/i, f 2 ), and also equal to the order of 
the quotient group U 1 / xm{A 2 — A±). 
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First we establish the equality for the number of path components of Coin(/i , f 2 ). 
Each coincidence class is a union of path components, and so it suffices to show 
that each class is connected. Given some class C, we have 

C = p Coin( Ai , aA 2 ) , 

where a is a covering transformation a : R ra — > R n . The covering transforma- 
tions are all given by addition by elements of Z n . Thus C is the projection of 
the set 

C = {xe M^- 1 )" | Aix = A 2 x + v} 

for some v G Z n . Since A\ and A 2 are linear, C will be connected, and thus 
p(C) — C is connected. 

Now we show that R(fi, f 2 ) is equal to the order of Z™/ im(A 2 — Ax). We 
compute R{fi,f 2 ) as the number of Reidemeister classes in wi(T n ). Two el- 
ements v,w € 7Ti(T n ) = Z ra are in the same Reidemeister class when there is 
some z S iri(T m ) with 

v = A\z + w — A 2 z. 

That is to say, v, w G Z ra have the same Reidemeister class when w — v € im(^42 — 
Ax). Thus the number of Reidemeister classes is the order of Z n / im(A 2 — Ax), 
as desired. □ 

Theorems 15.41 and 15.51 together give a full computation of the Nielsen co- 
incidence number for tori. This is a direct generalization of the formula from 
coincidence theory given in Lemma 7.3 of [4] (recall that for square integral 
matrices we have # coker(A 2 — Ax) = | dct(A 2 — Ax)\). 

To illustrate the above, we compute the geometric Nielsen coincidence num- 
bers for the maps f,g,h:T 2 ^ S 1 from Example 11.21 

Example II. 2^ Continued. Recall our maps were given by matrices: 
Af = (3 1), A g = (0 2), A h = (-1 -1). 

For each pair of matrices the rank assumption of Theorem 15.51 holds. 

It is straightforward to compute the required cokernels. We have A g — Af = 
(3 — 1), and so im(A s — Af) = Z, since gcd(3, —1) = 1. Thus the cokernel is 
trivial and so Nc(f,g) = 1. A similar computation shows that Na(g,h) = 1. 
For (/, h), we have Ah — Af = (2 - 2), and so im(A h - Af) = 21. Thus the 
cokernel is Z/2Z, and so Nc(f, h) = 2. 

By Theorem [53] these Nielsen numbers should agree with the number of path 
components of the coincidence sets. Counting components in Figure [1] indeed 
gives #7r (Coin(/,g)) = #7r (Coin(.g, h)) = 1 and #7r (Com(/, h)) = 2. 
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Abstract 

We extend Nielsen coincidence theory to equalizer sets, the points 
where a given set of (more than 2) mappings agree. On manifolds, this 
theory is interesting only for maps between spaces of different dimension, 
and our results hold for sets of k maps on compact manifolds from dimen- 
sion (k — l)n to dimension n. We define the Nielsen equalizer number, 
which is a lower bound for the minimal number of equalizer points when 
the maps are changed by homotopies, and is in fact equal to this minimal 
number when the domain manifold is not a surface. 

As an application we give some results in Nielsen coincidence theory 
with positive codimension. This includes a complete computation of the 
geometric Nielsen number for maps between tori. 



1 Introduction 

The goal of this paper is to generalize the basic definitions and results of Nielsen 
coincidence theory to a theory of equalizer sets for sets of (possibly more than 
two) mappings. For spaces X and Y and maps /i, . . . , fk ■ X — > Y, the equalizer 
set is defined as 

Eq(/i, ...J k ) = {xeX\ f x {x) = ■■■ = f k (x)}. 

This generalizes the coincidence set Coin(/i, f 2 ) = {x € X \ fi(x) = f2(%)} for 
two mappings. 

Nielsen coincidence theory, see [3], estimates the number of coincidence 
points of a pair of maps in a homotopy invariant way. Most of the techniques 
are a generalization of ideas from fixed point theory, see [7J. In coincidence 
theory, one defines the Nielsen number N(fi, fa) of a pair of maps, which is a 
lower bound for the minimal coincidence number MC(/i,/2): 

N(h, h) < MC(h, f 2 ) = min{# Coin(/(, f 2 ) \ f[ ~ /<}. 
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The above quantities are in fact equal when X and Y are compact n-manifolds 
of the same dimension n ^ 2. In this paper we extend this theory to equalizer 
sets. 

The typical setting for Nielsen coincidence theory is for maps X — > Y of 
compact manifolds of the same dimension. For maps ft, fa : X — > Y in this 
setting, transversality arguments show that we can change the maps by homo- 
topy so that Coin(/i, f^) is a set of finitely many points. At each of these points 
we define a coincidence index which is then used to define the Nielsen number. 
In the case of diffcrentiable manifolds we can define the index in terms of the 
determinant of the derivative maps at each coincidence point (see [5] for this 
approach). 

When the dimension of X is greater than that of Y, the typical approach 
to the coincidence index breaks down. In this case the derivative maps cannot 
be linear isomorphisms, and so their determinants cannot be used. A modified 
approach based on determinants is given by Jezierski in [5] which applies for 
maps into tori, but this is a fairly restrictive setting. 

In this paper we will show that the typical approach, expressible in terms 
of determinants, does indeed succeed in the positive codimension setting when 
we admit more mappings to our theory, i.e. when we move from coincidence 
theory to equalizer theory. In this sense equalizer theory would seem to be the 
most natural and straightforward Nielsen-type theory in positive codimensions. 
Compared to the various approaches to positive codimension Nielsen coincidence 
theory (many are surveyed in [4]), our equalizer theory is substantially simpler 
and much more closely resembles classical Nielsen fixed point and coincidence 
theory. 

Nielsen equalizer theory will require a specific codimensional setting. At- 
tempting a homotopy-invariant study of equalizers in codimension zero imme- 
diately gives: 

Theorem 1.1. If X and Y are compact manifolds of the same dimension, and 
fx, . . . , fk '■ X — > Y are maps with k > 2, then these maps can be changed by 
homotopy so that the equalizer set is empty. 

Proof. Well-known transversality arguments show that we can change fi by a 
homotopy to f 2 so that Coin(/i, f 2 ) is a finite set of points. Similarly we obtain 
/g ~ /3 such that Coin(/i, /g) is a finite set of points. These homotopies can 
be arranged so that Coin(/i,/2) and Coin(/i,/3) are disjoint. Thus 

Eq(/i, fL /s, h, ■ ■ ■ , h) C Coin(/i, f 2 ) D Coin(/i, /£) - 0. □ 

Thus there is no interesting theory for counting the minimal number of 
equalizer points between compact manifolds of the same dimension, since this 
number is always zero. In this sense, the equalizer equation f\{x) = ■ ■ ■ = fk{%) 
is "overdetermined" when the dimensions of the domain and codomain are equal. 
In order to obtain an interesting theory we must increase the dimension of the 
domain space. In particular, for equalizers of k maps, we will require X and 
Y to be of dimensions (k — l)n and n, respectively, for any n. Consider the 
following example: 
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Figure 1: Coincidence sets and equalizer points for Example 11.21 



Example 1.2. We will examine the equalizer set of three maps / ', g , h : T 2 — » S 1 
from the 2-dimensional torus to the circle. Viewing the torus as the quotient of 
R 2 by the integer lattice, and S 1 as the quotient of K by the integers, we will 
specify our maps by integer matrices of size 1x2. Let the maps be given by 
matrices: 



Let Cf g — Coin(/, <?), with Cfh and C g h defined similarly, and we have 



(Actually the equalizer set is the intersection of any two of these coincidence 
sets.) 

It is straightforward to compute these sets. For example, Cf g is the set 
of points (x,y) with 3x + y = 2y mod Z 2 , which is to say y = 3x mod Z 2 . 
Similarly computing the sets Cfh and C g h produces the picture in Figured! 
where the torus is drawn as [0, 1] x [0, 1] with opposite sides identified. We 
see in the picture that Eq(/, g, h) consists of 10 points (the nine points where 
the lines visibly intersect, plus the intersection at the identified corners of the 
diagram) . 

In this paper we will define the Nielsen number N(f,g,h) which is a lower 
bound for the minimum number of equalizer points when the maps are changed 
by homotopy. In Theorem 14.41 we give a simple formula for computing this 
quantity on tori, which in this example gives 



Thus these maps cannot be changed by homotopy to have fewer than 10 equalizer 
points. 

The construction of the theory is facilitated by a fundamental correspon- 
dence between Eq(/i, . . . , fk) and the coincidence set of a pair of related maps. 
Let F, G : X -» Y^ 1 be given by 



Af = (3 1), A g = (0 2), A h = (-1 



1). 



Eq{f,g,h) = Cf g nC gh nC fh . 




F(x) = {fi(x), . . . , fi(x)), G(x) = (f 2 (x), . . . , f k (x)). 



(*) 
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Since X and Y are compact with dimensions (k — \)n and n respectively, the 
above F and G are maps between compact manifolds of the same dimension, 
and Co'm(F, G) = Eq(/i, . . . , f k ). This correspondence is well-behaved under 
homotopy, since changing the maps /j by homotopies corresponds in a natural 
way to a change of F and G by homotopies. As we shall see, the homotopy- 
invariant behavior of Eq(/i, . . . , fk) is the same as that of Co'm(F, G), and we 
may define Nielsen-type invariants for the equalizer set in terms of the same 
invariants from the coincidence theory of (F, G) . 

In Section [5] we define the Reidemeister and equalizer classes which form the 
building blocks for our theory. In Section [3] we define the Nielsen number and 
in Section 2] we give some computational results for maps into Jiang spaces and 
maps of tori. In Section [5] we give an application to Nielsen coincidence theory 
in positive codimensions, giving a full computation of the "geometric Nielsen 
number" on tori. 

We would like to thank Robert F. Brown for helpful comments, and Philip 
Heath for bringing the reference [B] to our attention. 

2 Reidemeister and equalizer classes 

Let X and Y be spaces with universal covering spaces (connected, locally path- 
connected, and semilocally simply connected) , and let X and Y be the universal 
covering spaces with projection maps px ■ X — y X and py :Y^Y. For maps 
/i, . . . , fk : X — y Y, we wish to construct a Reidemeister- type theory for the 
equalizer points Eq(/i, . . . , fk), so that each point has an algebraic Reidemeister 
class, and two equalizer points can be combined by homotopy only when their 
classes are equal. 

Our basic result is a generalization of a well-known result from coincidence 
theory which is stated in part (without proof) as Lemma 2.3 of [3J. For the sake 
of completeness we give a full proof. The proof is similar to that of Theorem 1.5 
in [7], which is the corresponding statement in fixed point theory. Throughout, 
elements of the fundamental group are viewed as deck transformations on the 
universal covering space. 

Theorem 2.1. Let : X — y Y be maps with lifts fi : X — s> Y and 

induced homomorphisms 4>i ■ ^i(X) — > tti(Y). 

1. We have 

Eq(/i,...,/fc) = (J PxEq(f 1 ,a 2 h,---,a k f k ). 

a 2 ,...,a k e7T 1 (Y) 

2. For a.i,fii G 7Ti(X), the sets 

Px Eq(/i,a 2 / 2 , ■ • -,a k fk) and p x Eq(/i,/3 2 /2, ■ ■ -,Pkfk) 
are disjoint or equal. 
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3. The above sets are equal if and only if there is some z £ tti(X) with 

ft = Ai^ai&izy 1 

for all i. 

Proof. For the first statement, take some x £ Eq(/i, . . . , fk) and some x £ 
p x 1 (x). We have py(fi(x)) — fi{x) — fi(x) for all i, and thus the values fi(x) 
all differ by deck transformations. That is, there are on £ tti{Y) with 

fi(x) = o 2 / 2 (z) = ■■■ = a k fk(x), 

which is to say that x G Eq(/i, o 2 / 2 , • ■ • , <*fc/fe), and so x £ p x Eq(/i, o 2 / 2 , • ■ • , Ofc/fe) 
as desired. 

Now we prove statement^ First, let us assume that px Eq(/i, azfa, . . . , a k fk) = 
px Eq(/i, ft/ 2 , . . . , ft/fc). This means that for any point x £ Eq(/i^a 2 /2, • ■ -^ctkfk), 
there is some deck transformation z £ wi(X) with zx £ Eq(/i, ft/2, ■ • ■ , ft/fc)- 
Then we have 

/3ifi(zx) = fi(zx) = <f>!(z)fx(x) = 4>i(z)aiji(x) = <j) 1 (z)a i (j)i(z)~ 1 fi(zx) 

Since the two lifts ft/j and (f>i(z)ai(j)i(z)~ 1 fi agree at a point, they are the same 
lift, and thus 

ft = 0i(z)aift(z) _1 

as desired. 

For the converse in statement [31 assume that ft = <f>i(z)ai(j)i(z)~ 1 for all i, 
and take x £ px Eq(/i, a 2 f 2 , ■ ■ ■ , cx-kfk)- Then we have <j>i{z)a.i = /3i<pi(z) for 
all i, and so 

fi(zx) = 0i(z)7i(x) = (j>i{z)a,ifi{x) = f3 i (f> i (z)fi(x) = pj^zx). 

Thus zx = Eq(/i, ft/ 2 , . . . , ft/fc), and so x £ p x Eq(/i,ft/ 2 , . . . , ft/fc), and we 
have shown 

Px Eq(/i, 0*2/2, ■ • ■ , «A;7fe) C Eq(/i,ft/ 2 , . . . , ft/fe). 

A symmetric argument shows the converse inclusion, and so the above sets are 
equal. 

For statement [21 it suffices to show that if there is a point 

x £ p x Eq(/i, 0*2/2, • • ■ , akfk) n px Eq(/i, ft/ 2 , . . . , ft/fc), 

then the two sets of the above intersection are equal. For such a point x, there 
are xq,Xi £ p x 1 {x) with 

Xq G Eq(/i,a 2 / 2 ,...,a fc / fc ), X\ £ Eq(/i, ft/ 2 , . . . , ft/&). 
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Let z £ wi(X) with zxq = x\. Then we have 

Pifi{zx ) = Pifi(xi) = 7i(xi) = fi(zx ) = 0i(z)/i(x o ) 
= (f>i(z)a i f l {x Q ) = <pi(z)a i (l)i(z)~' L fi(zxo). 

The above equality shows two lifts of fi agreeing at the point zxo, and so we 
have Pi = <f>i(z)ai(f)i(z)^ 1 , which by statement [3] implies that 

Px Eq(/i, a 2 f 2 , a k fk) = Px Eq(fi,P 2 f 2 , Pkfk) 

as desired. □ 

Let Ufa, . . . ,<j> k ) = ^i(Y) k ~ 1 / - be the quotient of ttiIT)^ 1 by the fol- 
lowing relation, inspired by statement [3] above: 

(a 2 , . . . ,a k ) ~ (/3 2 , ■■■,Pk) 
if and only if there is some z G 7Ti (X) with 

Pi = <j)i (z)ai^)i(z)'' 1 
for all i G {2, . . . , k}. We call TZ(4>i, ■ ■ ■ , </>fc) the set of Reidemeister classes for 
Then the theorem above gives the following disjoint union 

Eq(/i,...,/fc) = |J PxEq(/i,a 2 7 2 , . . . ,a k f k ). 

(a l )£K(<p 1 ,...,<p k ) 

The above union partitions the equalizer set into Nielsen equalizer classes 
(or simply equalizer classes). That is, C C Eq(/i, . . . , /&) is an equalizer class 
if and only if there are a, with C = px Eq(/i, at 2 f 2 , . . . , akfk)- Note that an 
equalizer class can be empty. The equalizer classes are related to the coincidence 
classes of the pair (F, G) from equation {*} in the following way: 

Theorem 2.2. A subset C C Eq(/ 1; . . . , f k ) is an equalizer class if and only if 
C is a coincidence class when regarded as a subset of Coin(_F, G). That is, C 
is an equalizer class if and only if there is a deck transformation A £ 7Ti(y fe ~ 1 ) 
with C = px Coin(-F, AG) for some lifts F and G of F and G. 

Proof. First we assume that C is an equalizer class, and so we have lifts fi of fi 
and at £ ir 1 (Y) with C = p x Eq(/i, a 2 f 2 , a k f k ). Let F and G be given by 

F(x) = ..Ji(x)), G(x) = (f 2 (x),..., f k (x)), 

and let A : Y^ 1 ->• Y k ~ 1 be 

A(y 2 ,...y k ) = {ct 2 y 2 ,---,a k y k ). 
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Then we have 

Eq(/i,ai/2,...,afc/fc) = Coin(F, AG), 

and so C — px Coin(F, AG) as desired. 

Now for the converse we assume that C is a coincidence class of (F,G), 
which means there are lifts F and G of F and G with a deck transformation 
A e tti (F fe_1 ) such that C = p x Coin(F, AG). Since F and G are lifts of F and 
G, we can write 

F(x) = (/?(£), . . . , /*(£)), G(5?) = (/ 2 (2?), . . . , /*(£)) 

where each /J is a lift of /i, and fj is a lift of fj for j > 2. Similarly we may 
factor A as A = a\ x • • • x a k for on E ni(Y). 

Each of the f[ may be different, but there is a single lift /i of /i with deck 
transformations fii such that /3j/i = /|. Then we have 

Coin(F, AG) = Coin((/3 2 /i, . . .,fi k fi), ("2/2, . • .,a fc /fc)) 

= Coin((/ 1; . . . , /i), (/3 2 T 1 a 2 / 2 , . . . , &a k J k )) 
= Eq(f 1 ,^ 1 a 2 f 2 ,...^- 1 a k f k ) 

and so G = px Coin(i^, AG) is an equalizer class. □ 

The equalizer classes can be described nicely in terms of paths in X and 
their images under the ff. 

Theorem 2.3. Two points x, x' G Eq(/i, . . . , f k ) are in the same equalizer class 
if and only if there is some path 7 : [0, 1] — > X from x to x' such that /i(7) and 
fi(~f) are homotopic as paths with fixed endpoints for all i. 

Proof. Our points x, x' are in the same equalizer class if and only if they are in 
the same coincidence class of the pair (F, G) . A standard result in coincidence 
theory shows that this is equivalent to the existence of a path 7 in X from x to 
x' with F(j) ~ G(7). This is equivalent to 

(/i,...,/i)(7)^(/2,...,/fc)(7), 
which is equivalent to /i(7) — /»(7) for each i. □ 

3 The equalizer index and the Nielsen number 

Let Eq(/ l7 ...,f k ,U) = Eq(A, . . . , f k ) n U, and let Coin(/, 5 , U) = Coin(/, g) n 
U. 

Our index for equalizer sets will be defined in terms of the coincidence index 
i. We first review some properties of the coincidence index. Let f,g:M^N 
be maps between compact orientable manifolds of the same dimension. The 
coincidence index i(f,g,U) is an integer valued function defined for open sets 
U with Coin(/, g, U) compact. It satisfies the following properties: 
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• Homotopy: Let f — f and g' ~ g, by homotopies F t and Gt, such that 
the set 

{(x,t) | x G Cmn(Ft,G t ,U)} cMx [0,1] 
is compact (such a pair of homotopies is called admissible) . Then i(f, g, U) = 

i(f',g',u). 

• Additivity: If U x n t/ 2 = and Coin(/, 3, {/) c E/i U C/ 2 , then 

i(f,g,U) = i(f,g,U 1 )+i(f,g,U 2 ). 

• Solution: If i(f,g,U) 7^ 0, then Coin(/, g,[7) is not empty. 

We wish to define a similar index in the equalizer setting. Let X and 
Y be compact orientable manifolds of dimensions (k — l)n and n, respec- 
tively, with maps fi, . . . , f k : X Y, We call (/1, . . . , f k , U) admissible when 
Eq(/i, ...,f k ,U) is compact. 

Let F,G : X -> y fe -i be the maps as in Q. These are maps between 
compact orientable manifolds of the same dimension. When (fi, . . . , f k ,U) 
is admissible, then Coin(F, G, U) = Eq(/i, . . . , fk, U) is compact, and thus 
the coincidence index i(F,G,U) is defined. We define the equalizer index 
md(f 1 ,...J k ,U) to hei(F,G,U). 

This equalizer index satisfies the appropriate homotopy, additivity, and solu- 
tion properties. If . . . , fk, U) and (f[, . . . , f' k , U) are admissable and fi ~ /• 
with homotopy H l , we say that (H l ) is an admissible homotopy of (/1, . . . , fk, U) 
to (/{,..., [/) when the set 

{(x, t) I x G Eq^ 1 , . . . , Ht U)} C X x / 

is compact. 

Theorem 3.1. Let fx, . . . , fk : X — > Y be maps of compact orientable mani- 
folds of dimensions (k — l)n and n respectively, and let U C X be open with 
(/1, . . . , fk, U) admissable. 

Then the equalizer index ind(/i, . . . , fk, U) is defined and satisfies the fol- 
lowing properties: 

• Homotopy: If . . . , kk, U) is admissibly homotopic to (/■{, . . . , fi, U), 
then ind(/i, ...,f k ,U) = md(f[, ...,f' k ,U). 

• Additivity: IfUx H U 2 = and Eq(/i, . . . , f k , U) C Ui U U 2) then 

ind(A, ...,f k ,U) = ind(A, . . . , fk, E/i) + ind(A, ...,f k , U 2 ). 

• Solution: // ind(/i, . . . , f k ,U) ^ 0, then Eq(/x, . . . , f k , U) is not empty. 

Proof. The proofs of these properties all follow from the same properties of the 
coincidence index of the pair F, G as in Q . □ 
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For an equalizer class C, we define the index of C, written ind(/i, . . . , C), 
as ind(F, G, U), where U is an open set with Coin(F, G,U) = C (such an open 
set will always exist because coincidence classes are closed and X is compact). 

At this point we take a slight diversion to give a note on the computation of 
the index of differentiable maps in terms of their derivatives. When X and Y are 
differentiable manifolds and each of fi is differentiable, the maps F and G will 
also be differentiable, and the derivative maps DF X ,DG X : R( fc_1 )" — > rO- 1 )™ 
are defined at each point x G X. 

Let x £ Eq(/i, . . . , fk) be an equalizer point. We say that x is nondegener- 
ate when DG X — DF X is nonsingular. In this case there is a neighborhood U 
around x containing no other coincidence points of F and G, and thus no other 
equalizer points, and the index can be computed by the well-known formula 
from coincidence theory: 



The definitions of F and G give the following formula in terms of the 

Theorem 3.2. Let f±, . . . , fk : X — > Y be maps of compact orientable mani- 
folds of dimensions (k — l)n and n respectively, and let x £ Eq(/i, . . . , fk) be 
nondegenerate. 

Then there is a neighborhood U of x with Eq(/i, . . . U) — {x} such that 



where all derivatives are taken at the point x (each row in the above is an 
n x {k — l)n block matrix, so that the whole matrix has size (k — l)n x (k — l)n). 

Now we discuss the index theory for the nonorientable case. For the co- 
incidence theory of maps f,g:M^Noi compact (perhaps nonorientable) 
manifolds of the same dimension, an integer- valued coincidence index cannot in 
general be defined. There is a related semi-index (see [5]) which plays a similar 
role. 

The semi- index, which we denote is defined not for arbitrary open sets, 
but only for coincidence classes, and satisfies properties similar to those of 
the coincidence index. Let C C Coin(/, g) be a coincidence class with C — 
pCom(f,ag). Then if / ~ /' and g ~ g' , these homotopies will lift, produc- 
ing maps /' ~ / and g' ~ 5 which are lifts of /' and g' respectively. Thus 
D = pCom(f',ag') is a coincidence class of (f',g'), and we say that D is "re- 
lated to C" with respect to the pair of homotopies. 

If /, g : M — > N are maps of compact manifolds of the same dimension and C 
is a (possibly empty) coincidence class, then \i\{f,g,C) is defined and satisfies: 

• Homotopy: If /' ~ / and g' ~ g, and D is the coincidence class of (/', g') 
which is related to C with respect to these homotopies, then \i\(f,g, C) = 



md(f 1 ,...J k ,U)=i(F,G,U) 



sign det {DG X - DF X ). 




sign det 




i\(f,9',D). 
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• Solution: If \i\(f,g,C) ^ 0, then C is not empty. 

• Naturality: If M and N are orientable, then \i\(f,g,C) = \i(f,g,C)\, the 
absolute value of the usual coincidence index. 

In the setting of equalizer theory for maps /i, • • • , /fe : X — > Y of com- 
pact (possibly nonorientable) manifolds with an equalizer class C , we define the 
equalizer semi-index as in the orientable case: let (F,G) be as in Q, and we 
define | ind . . . , fk, C) = \i\{F, G, C). Given homotopies f[ ~ fi, the "rela- 
tion" between equalizer classes of (/i, . . . , fk) and (/{,..., f' k ) is defined exactly 
as in coincidence theory. 

The following has routine proofs similar to those for Theorem 13. II 

Theorem 3.3. Let fx, . . . , fk '■ X — >■ Y be maps of compact (possibly nonori- 
entable) manifolds of dimensions (k — l)n and n respectively, and let C C 
Eq(/i, . . . , fk, U) be an equalizer class. 

Then the equalizer semi-index | ind |(/i, . . . , fk, C) is defined and satisfies the 
following properties: 

• Homotopy: If fi is homotopic to f[ for each i and D is the equalizer class 
of (/{, . . . , f' k ) which is related to C , then 

| ind \{h,...,f k ,C) = | ind |(/ l5 ..., f' k ,D). 

• Solution: // | ind |(/i, . . . , fk, C) ^ 0, then C is not empty. 

• Naturality: If X and Y are orientable, then 

|ind|(/ 1 ,...,/ fc ,C) = |ind(/ 1 ,...,/ fc ,C)|, 
the absolute value of the usual equalizer index. 

An equalizer class is called essential if its index (or semi-index in the nonori- 
entable case) is nonzero. 

Definition 3.4. The Nielsen [equalizer] number N(fi, . . . , fk) is defined to be 
the number of essential equalizer classes of (/i, . . . , fk). 

From Theorem 12.21 and the definition of the index of a class, we see that 
N(fi, . . . , fk) is equal to the Nielsen coincidence number of the pair (F, G). Since 
the Nielsen equalizer number is so closely related to a coincidence number, we 
can obtain a Wecken-type theorem for the minimal number of equalizer points. 
Let ME(fi, . . . , fk) be the minimal number of equalizer points, defined as 

ME{h, . . . , f k ) - min{# Eq(/(, . . . , f' k ) \ f[ ~ /,}. 

By the solution properties of the index and semi-index, every essential equal- 
izer class must contain an equalizer point, and so 

N(f 1 ,...,fk)<ME(f 1 ,...,f k ). 

These two quantities are in fact equal in most cases, as the following theorem 
shows. 
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Theorem 3.5. Let fx, . . . , f k : X —> Y be maps of compact manifolds of di- 
mensions (k — l)n and n respectively. If (k — l)n ^ 2, then 

ME(fx, ...,fk) = N(fi, f k ). 

In the case of "proper" equalizer theory (when k > 2), the result holds for 
all k and n except (k, n) = (3, 1), which is to say equalizer theory of three maps 
from a compact surface to the circle. 

Proof. The second statement is simply a consequence of k, n being natural num- 
bers with (k — l)n ^ 2, so we focus on the first statement. 

Let (F, G) be defined as in ©, and we have N(fx, ...,/*) = N(F, G). The 
maps F, G are maps between compact manifolds of dimension (k — l)n. By our 
hypothesis this dimension is not 2, and so the Wecken theorem for coincidences 
(see g]) gives maps F' ~ F and G' ~ G with #Coin(F',G") = N(F, G). A 
result of Brooks in [1 shows that in fact there is a single map G" ~ G with 
Coin(F', G') = Coin(F, G"), and thus # Coin(F, G") = N(F, G). 

Our map G" is a map of X — > Y k ~ 1 , so it can be written as G"(x) = 
{gi{x), . . -,gk(x)) with g l ~ fi. Now we have 

# Eq(/i,p2, • ■ • ,g k ) = # Gom(F, G") = N(F, G) = N(f u f k ), 
and so ME(f u . . . , f k ) < N{fr, . . . , f k ) as desired. □ 

4 Some computations 
4.1 Jiang spaces 

One setting in which the fixed point and coincidence Nielsen numbers are easily 
calculated is for maps on Jiang spaces. See [7] for the definition and basic results 
in fixed point theory. The class of Jiang spaces includes topological groups, 
generalized lens spaces and certain other homogeneous spaces, and is closed 
under products. The main result (see [1]) from coincidence theory concerning 
Jiang spaces is the following: 

Theorem 4.1. If f, g : M N are maps of compact orientable manifolds of 
the same dimensions and N is a Jiang space, then every coincidence class has 
the same index. 

Our theorem concerning Jiang spaces is the following result, which is facili- 
tated by the coincidence theory of the maps (F, G) as in . 

Theorem 4.2. If fx, . . . , f k : X — > Y are maps of compact orientable manifolds 
of dimensions (k — l)n and n respectively and Y is a Jiang space, then every 
equalizer class has the same index. 

Proof. Let F, G : X -> Y k ^ 1 be given as in {*}: 

F(x) = (fx(x), . . . fx(x)), G(x) = (/ 2 (x), . . . , fk(x)). 
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Since Y is a Jiang space, then is a Jiang space. Thus by Theorem 14. II 

all coincidence classes of F, G will have the same coincidence index. But the 
equalizer classes of fx,-- - ,fk ar e the same as the coincidence classes of F, G, 
with the same indices, so all equalizer classes of fi, - ■ ■ ,fk will have the same 



Define the Reidemeister number and Lefschetz number as: R(fi, ■ ■ • , /fc) = 
#H((f>i,. ..,<f>k) (this quantity may be infinite) and L(fi,...,fk)= ind(/i, . . . , / fc , 
Then we obtain: 

Corollary 4.3. If f\, . . . , fk '■ X — > Y are maps of compact orientable manifolds 
of dimensions (fc — l)n and n respectively, and Y is a Jiang space, then: 



Proof. By the additivity property, L(fi, . . . , fk) is the sum of the indices of 
each equalizer class. By Theorem 14.21 all classes have the same index, thus 
L(fi, . . . , fk) = means that all classes are inessential and so N(fi, . . . , fk) =0. 
If the Lefschetz number is not zero then all classes are essential and so the Nielsen 
number is simply the number of classes, which is the Reidemeister number. □ 

4.2 Tori 

We can give a very specific formula for the Nielsen number of maps f± , . . . , fk ■ 
T (k-i)n T n on tori We win view T m as the q U0tieilt f R m by the integer 

lattice, and consider maps which are induced by linear maps on — > R™ 
taking lS k -^ n to Z™. We can think of such a map as an n x (fc — l)n matrix 
with integer entries, which we call the "induced matrix" . 

We now prove the formula which was used in the computation of Example 
11.21 The result generalizes the well-known formula for the Nielsen coincidence 
number on tori which was proved in Lemma 7.3 of [5]: if /i,/a are given by 
square matrices A\ and A2, then N(fi, f?) = | det(^2 — ^4i)|- 

Theorem 4.4. // f f k ■ T^" 1 )" T n are maps on tori with induced 
matrices Ai, then 



Proof. Let F, G : T^" 1 )™ T'^ 1 '" be as in (jg. Then the induced matrices 
of F and G will be given by block matrices 



equalizer index. 



□ 



. If L(fi, . . . ,fk) = then iV(/i, . . . , fk) = 0- 



. IfL(h,...,fk) ^0 then N (f x,..., f k ) =R{f l ,...,f k ). 
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and so the formula for the Nielsen coincidence number on tori gives 







(A 2 -AA 


N(F, G) = 


dct 








\A k -Ai) 



But N(F, G) = N(fi, . . . , fk), and so the result is proved. □ 

We further note that since tori have the Wecken property for coincidence 
theory, we can drop the dimension assumption of Theorem 13.51 

Theorem 4.5. Let j i,..., f k ■ T^" 1 )" -> T n be maps of tori. Then 

ME(f 1 ,...J k )=N(f 1 ,...J k ). 

Proof. Let (F, G) be as in , and then since tori have the Wecken property 
there is a map G" ~ G with # Coin(F, G") = N(F, G). We finish the argument 
as in the last paragraph of the proof of Theorem 13.51 □ 

5 Coincidence theory with positive codimension 

We end with an application to coincidence theory with positive codimension, 
which typically requires much more difficult techniques than those of this paper. 
In this setting we consider maps /i, /2 : X — ^ Y of compact manifolds of di- 
mensions m and n with m > n and try to minimize by homotopies the quantity 
#7ro(Coin(/i, /i)), the number of path components of Coin(/i, fy). 

There is no coincidence index in the positive codimension setting, and so the 
problem of judging essentiality of classes is more complicated. A coincidence 
class C C Coin(/i,/2) is removable by homotopy when there is some pair of 
homotopies /j ~ f[ such that C is "related" (in the sense of Theorem 13. 3p 
to the empty class. When a class is not removable by homotopy, it is called 
geometrically essential. The number of geometrically essential classes is called 
the geometric Nielsen number, which we denote No{fi, f 2 )- 

Any two coincidence points which can be connected by a path of coincidence 
points will be in the same coincidence class. Thus each class is a union of 
path components of Coin(/i, / 2 ), and so Nc(fi, f 2 ) < # 7r o(Coin(/i, / 2 )). Since 
Ag(/i;/2) is homotopy invariant, in fact it is a lower bound for the minimal 
number of path components of the coincidence set when f\ and f 2 are changed 
by homotopies. 

We begin with a simple result which in some cases can demonstrate that a 
coincidence class is geometrically essential. 

Theorem 5.1. Let f\, . . . , fk : X — >■ Y be maps of spaces of dimension (k — 
l)n and n respectively, and let fi,fj be any two of these maps. Then each 
equalizer class of (/1, . . . , fk) is a subset of some coincidence class of (/j, fj), 
and any coincidence class containing an essential equalizer class is geometrically 
essential. 
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Proof. To show that each equalizer class is a subset of a coincidence class, let C 
be an equalizer class. Then there are lifts fi and deck transformations cti with 

C = PxEq(ai/i,a 2 / 2 , ■ ■ -,a k fk) C px Coin(a,/j, ay /_,•), 

and the right side above is a coincidence class. 

Now let D C Coin(/i,/j) be a coincidence class containing some essential 
equalizer class C C D. If D were removable by a homotopy as a coincidence 
class, then necessarily C would be removable by a homotopy as an equalizer 
class, which is impossible since C is essential. Thus D is geometrically essential. 

□ 

We can state the above in terms of Nielsen numbers: 

Corollary 5.2. Let fx, / 2 : X — > Y be maps of spaces of dimension (k — l)n 
and n respectively. If there are maps f 3 , . . . , with N(fi, ■ .., fk) 7^ 0; then 
N G (fi,f 2 )^0. 

Proof. If N(fi , . . . , fk) ^ then there is an essential equalizer class of (/1 , . . . , fk), 
which by Theorem l5.1l is contained in a geometrically essential coincidence class 
of (/i,/ 2 )- The existence of this coincidence class means that Nc{fx,fi) ^ 
0. □ 

Now we focus on tori, for which we can be much more specific about the 
value of -/Vg(/i,/ 2 ). As we will see, Corollary 15.21 is strong enough to give a 
complete computation of -/Vg(/i,/ 2 ) based on the matrices which specify the 
maps, even in the case where the domain dimension is not a multiple of the 
codomain dimension. 

Theorem 15.41 below, computing the value of Nc(fi, / 2 ) on tori, is proved by 
Jezierski in [6 . Most of the argument follows exactly the proof in the codi- 
mension zero case given in [S]. The key novel step in the positive codimension 
setting is the following lemma. 

Lemma 5.3. Let /i,/ 2 : T m — > T n be maps of tori with induced matrices 
Ai, Ai- If A2 — A\ has rank n, then Nc(fi, / 2 ) =/= 0. 

Jezierski proves this by using the fact that, for m > n, we can consider T n 
as a subspace of T m and then note that the restrictions of fi , / 2 will have a 
nonremovable coincidence class. Jezierski's approach effectively decreases the 
domain dimension in order to apply the classical codimension zero theory. 

We take the opposite approach of increasing the domain dimension by taking 
a product with circles and introducing additional maps fa , . . . , fk which allow us 
to apply Corollary |5.2l While Jezierski's approach is simpler for this particular 
argument, it relies strongly on the fact that there is a standard embedding of 
T n inside T m . Since we do not use this fact, we hope that our strategy may be 
useful in other settings. 
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Proof of Lemma \5.3[ First we consider the case where m — (k — l)n for some 
k. In this case we can choose matrices A3, . . . , Ak so that 

dot : ^ 0, 
\Ak-At) 

and so there are maps /a, • • • , /& with N(fi, . . . , fk) ^ 0. By Corollary 15.21 this 
implies that JV G (/i,/a)^0. 

For general m, let fc > 2 be an integer with (fc — l)n > m. Then define 
9i,92 ■■ T ( - k ~ 1 '> n -> T n as 5, = /* o cr, where ct : T^^ 1 )™ -> T™ is the projection 
onto the first m coordinates (viewing the torus as a product of circles). Let Bi 
be the (k — l)n x n integer matrix representing c^. As a matrix, Bi is simply 
Ai with columns of zeros added, and so the rank of A2 — A\ is the same as that 
of B 2 -Bx. 

Our assumption that A2 — A\ has rank n means that B2 — B\ has rank n, and 
so by our first case we have Nc(gi,g 2 ) ^ 0, and we have a geometrically essential 
coincidence class D C Coin(<7i, g 2 ). Let fa be lifts of fa, and let gi = faoa, where 
a is the projection onto the first m coordinates of y , ( fe - 1 ) n — rC-'- 1 )™. Then 7ji 
is a lift of gi, and so there is some a £ %x(T n ) with 

D = pCom(gi,ag 2 ). 

Let x G o~(D), so there is some y with o~(y) — x and a lift y = p^ 1 (y) with 
= "52 (s/), a^id thus fi(a{y)) = af 2 (a(y))^ Since p(a(y)) = a(y) = x, we 
have i£p Coin(/i, a/2). This set C — p Coin(/i, a/2) is a coincidence class of 
(/1, /a), and we have shown that cr(D) C C. 

Recall that we are trying to show that Nc(fi, f 2 ) 7^ 0. For the sake of a 
contradiction, assume that Na(fi, /a) = 0, so that each class (in particular the 
class C) is removable by homotopy. This means there are maps f- ~ /j with 
lifts f[ ~ /i such that 

pCoin(/{,a$)=0. (1) 

Let 5» = f'i o- and g[ = f( o a. Then g[ ~^gt and $ ~ g t . Since D 
is geometrically essential, the related class pCom(g[, ag' 2 ) must be nonempty. 
Take some y in this class and a point y £ p^ 1 (y) with g[(y) = oig' 2 (y)- Then we 
have f{(a{y)) = afl(a(y)), and so 

cr(y) epGoin(/{,a/^), 

which contradicts (H}. □ 

The above provides the key step in the proof of the following complete com- 
putation of the geometric Nielsen number on tori. The argument in codimension 
zero given in [5] carries without modification in arbitrary codimension, except 
for this step. Jezierski presents the details, along with a different argument 
substituting for Lemma 15.31 in [6]. 
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Theorem 5.4. Let /j.,/2 : T m — > T n be maps of tori with induced matrices 
A\, A?,. If A2 — A\ has rank n, then 

JVbC/1,/2) = #7r (Coin(/ 1 ,/ 2 )) - #coker(A 2 - A,), 

where coker(A2 — A\) = Z™/ im(yl2 — A\), the cokernel of Ai — A\ when viewed 
as a homomorphism Z™ — ¥ U l . 

As a brief illustration, we compute the geometric Nielsen coincidence num- 
bers for the maps f,g,h:T 2 -> S 1 from Example 11.21 

Example 11.21 Continued. Recall our maps were given by matrices: 
A f = (3 1), A g = (0 2), A h = (-1 -1). 

For each pair of matrices the rank assumption of Theorem 15.41 holds. 

It is straightforward to compute the required cokernels. We have A g — Af = 
(3 — 1), and so im(A s — Af) = Z, since gcd(3, —1) = 1. Thus the cokernel is 
trivial and so No(f, g) = 1. A similar computation shows that Na(g,h) = 1. 
For (/, h), we have A h - A f = (2 - 2), and so im(A h — Af) = 21. Thus the 
cokernel is Z/2Z, and so Nc(f, h) = 2. 

By Theorem [52] these Nielsen numbers should agree with the number of path 
components of the coincidence sets. Counting components in Figure [T] indeed 
gives #7r (Coin(/,g)) = #7r (Coin(gr, h)) = 1 and #7r (Coin(/, h)) = 2. 
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Addendum 

The author was fortunate to attend the International Conference on Nielsen 
Theory and Related Topics at Capitol Normal University in Beijing in Summer 
2011 after this article was initially published. There he learned from Peter 
Wong that a Nielsen type equalizer theory in the category of smooth orientable 
manifolds was obtained as a special case of a more general theory by Dobrehko 
and Kucharsky in [3]. 

For smooth orientable manifolds M and N and a submanifold B c N with 
dimX + dim£? = dimy, Dobrehko and Kucharsky define a general Nielsen 
theory for counting the cardinality of f~ 1 {B) for a map / : M — > N. In 
a brief parenthetical, they remark that applying this theory to a tuple map 
(/i, . . . , fk) ■ M — S- N k and letting B be the diagonal in N k gives a "Nielsen 
number of coincidences of two or more maps" which essentially matches the 
theory presented in this paper. 

The author would like to thank Peter Wong for this reference. 
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